ISOMORPHISMS OF PRIME GOLDIE SEMIPRINCIPAL LEFT IDEAL RINGS
ABSTRACT. A prime (left) Goldie semiprincipal left ideal ring is the endomorphism ring E(F, A) of a free module A, of finite rank, over a (left) Ore domain F. We examine the uniqueness of the module (F, A) in the sense of determining necessary and sufficient conditions that every isomorphism of E(F, A) is induced by a semilinear module isomorphism of (F, A).
Introduction. Let K be a prime (left) Goldie ring in which each finitely generated left ideal is principal. Then K is isomorphic to the endomorphsm ring E(F, A) of a free module A, of finite rank, over a (left) Ore domain F [3, 6, 8] . We examine the uniqueness of this representation in the following sense: What are necessary and sufficient conditions such that, whenever K = E(F, A) = E(G, B) (with A, B free and finitely generated over domains F and G), every isomorphism of E(F, A) upon E(G, B) is induced by a (semilinear) module isomorphism of (F, A) upon (G, B)? We are able to show (Theorem 3.1) that this is precisely when all minimal right annihilators of K are mutually isomorphic (as right K modules), or equivalently when K is isomorphic to E(F, A) with F, a semiprincipal left ideal domain. A key point is showing that K is a Baer ring (Lemma 2.3).
If "semilinear module isomorphism" is understood to include mappings between extensions of the underlying modules (F, A) and (G, B) then every isomorphism of E(F, A) onto E(G, B) is induced by a semilinear module isomorphism (Theorem 3.2).
1. Definitions and preliminaries. All rings have identity elements. The left module A over the ring F will be denoted (F, A) and its endomorphism ring (operating on the right of A) will be denoted E(F, A). (A,E) will denote the right E module A. The statement that (F, A, E) is a bimodule indicates that A is to be considered as a left F module and a right E module.
The arguments of Baer [1, Proposition 5, p. 176] with minor modifications can be used to prove LEMMA 1.1. // there is an idempotent e in E = E(F, A) such that Ae is free and cyclic, then the bimodule (F, A, E) is isomorphic to the bimodule (eEe, eE, E) in the following sense:
(1) F and eEe are isomorphic rings; A and eE are isomorphic additive groups, and there is a semilinear module isomorphism of the left modules (F, A) and (eEe,eE). (2) There is an E isomorphism of the right modules (A, E) and (eE,E). PROOF. Let S be an indecomposable summand of A, and / an idempotent in E such that S = Af. Let e be an idempotent for which Ae is free and cyclic. Then e and / are primitive since Ae and Af are indecomposable summands of A. By Lemma 1.1, there exists a bimodule isomorphism <j> of (F,A,E) onto (eEe,eE,E).
Hence (Aa)<¡> = (A<p)a = (eE)o, for each o G E(F,A). If we let a = f then S<j> = (Af)4> = (eE)f = eEf. Since eE and fE are ^-isomorphic, it follows that eEf is free and cyclic over eEe [7, Lemma 2.3, p. 326] . Since <p is a (semilinear) module isomorphism of (F, A) and (eEe,eE), S must be free and cyclic over F.
2. Prime, Goldie, semi-pli rings. A ring K is a pli ring (semi-pli ring), if each left ideal (finitely generated left ideal) is a principal left ideal.
A nonzero left module is uniform if any two nonzero submodules have nonzero intersection.
We shall say (F, A) G &~, if F is a domain, and (F, A) is a finitely generated free module. If (F, A) G &", then E(F,A) is prime. Results of Goldie [3] , Robson [8] and Jategaonkar [6] (see also [4 
, Chapter 4]) imply that (1) If (F, A) G 9r, then E(F,A) is a (left) Goldie ring if, and only if, F is (left)
Ore.
(2) If K is a prime Goldie semi-pli ring, there exists a module (F, A) G^ such that K5iE{F,A).
The proof of Lemma 4.11 of Chapter 4 of [4] shows that A may be chosen as any minimal right annihilator of K. (We do not need the specific identification of F.) If <j> is the isomorphism of K onto E(F,A) then for k G K, xk? = x ■ k, for each x G A.
We need the following slight generalization of a result of Jategaonkar [6, Proposition 2.11, p. 51]. His arguments can be followed with minor modifications. A ring in which each left annihilator ideal is a principal left ideal generated by an idempotent is called a Baer ring (the terminology is due to Kaplansky).
The proof of the following is straightforward and will be omitted. If 5 is a submodule of A, L(S) will denote the left ideal of E(F, A) consisting of all a in E(F, A) for which Ac Ç S. For r in E(F, A), J2?(r) will consist of all p in E(F, A) for which pr = 0, while N(r) will be the submodule of A consisting of all a in A for which ar = 0. LEMMA 2.3. If K is a prime, Goldie, semi-pli ring, then K is a Baer ring. (2) preceding Lemma 2.1, there is an isomorphism a of K onto E(F,eK) such that if k G K, xka = x ■ k, for all x G eK, and an isomorphism ß of K onto E(G, fK) such that if k G K, yk@ = y ■ k for all y G fK.
PROOF. K = E(F,
Clearly <p = a"lß is an isomorphism of E(F,eK) onto E(G,fK). For each fc G K, ka = a G E(F, eK), so that a^ = (ka)a~10 = kß GE(G,fK).
By assumption <j> is induced by a semilinear isomorphism p of (F, eK) upon (67, fK). In particular, ya* = y(p~1ap), for each y G fK, or letting y = xp, for x G eK, we have (xp)o^ = x(ap) = (xcr)p, for each x G eK, or (xp)k0 = (xka)p.
so that p is a Ä"-isomorphism of the right annihilators eK and fK.
(2) =*• (5) By items (1) and (2) preceding Lemma 2.1, K S E(F, A) with (F, A) G 9 and F, a left Ore domain. Now let J be a nonzero finitely generated left ideal of F. Since F is an Ore domain, J is an indecomposable F module. By Lemma 2.1, there exists an F-module Q such that (F, J®Q) = (F, A). Under this isomorphism J maps onto an indecomposable summand of A, which is free and cyclic by Lemma 1.2. Hence J must be a principal left ideal.
To prove (5) Hence there exists a one-one semilinear transformation p of (F,A) onto (G,B) such that a* = p~lcjp
